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MAXIMAL CURVES FROM SUBCOVERS OF THE GK-CURVE 


MASSIMO GIULIETTI, LUCIANE QUOOS, AND GIOVANNI ZINI 

Abstract. For every q = with n a prime power greater than 2, the GK-curve is an 
F^ 2 -maximal curve that is not F^ 2 -covered by the Hermitian curve. In this paper some 
Galois subcovers of the GK curve are investigated. We describe explicit equations for 
some families of quotients of the GK-curve. New values in the spectrum of genera of 
Fg 2 -maximal curves are obtained. Finally, infinitely many further examples of maximal 
curves that cannot be Galois covered by the Hermitian curve are provided. 


1. Introduction 

Let Fg2 be a finite field with elements, where g is a power of a prime p. By a curve 
A over ¥^2 we mean a projective, absolutely irreducible, non-singular algebraic curve 
defined over Fg2, and it is called Fq2-maximal if the number A(Fq2) of its Fq2-rational 
points attains the Hasse-Weil upper bound 

g^ + 1 + 2 gg, 

where g is the genus of the curve. Maximal curves have interesting properties and have 
also been investigated for their applications in Coding Theory: sometimes the best known 
linear codes over finite fields of square order are obtained as one-point AG-codes from 
maximal curves, see e.g. mmm- 

One of the most important problems about maximal curves is determining the possible 
genera of maximal curves over ¥g2. For a given g, the highest value of g for which an Fq2- 
maximal curve of genus g exists is g(g — l)/ 2 , and equality holds if and only if the curve is 
isomorphic over Fq2 to the Hermitian curve. By a result of Serre, cited by Lachaud in m, 
any Fq2-rational curve which is Fq2-covered by an Fq2-maximal curve is also Fg2-maximal. 
However, not every maximal curve can be covered by the Hermitian curve. In fact, in 
2009 Giulietti and Korchmaros constructed a maximal curve over F^e which cannot be 
covered by the Hermitian curve whenever n > 2 ; this curve is nowadays referred to as the 
GK-curve. 
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Serre’s covering result has made it possible to obtain several genera of Fq 2 -maximal 
curves by applying the Riemann-Hurwitz formula to quotient curves of a known Fq 2 - 
maximal curve, such as the Hermitian curve, the Suzuki curve, the Ree curve, and the 
GK-curve, see However, sometimes it can be hard to give explicit equations 

for a quotient curve. This problem is clearly relevant for applications to Coding Theory, 
but has been attacked only recently for the GK-curve. Equations of some quotients of 
the GK-curve with respect to p-groups of automorphisms have been obtained in [121 E] • 
In this paper we deal with Galois subcovers of the GK-curve with respect to coverings 
of degree not divisible by p. We provide explicit equations for several such subcovers, 
see Theorem 13.21 and Equation ([T5D . and in some cases we give an explicit description of 
the Galois group of the covering; see Section 01 Our starting point for computing such 
equations is a new non-singular model of the GK-curve; see Section [2l The genera of these 
subcovers are computed, see Theorem 13.31 and Formula ffTT|) . and sometimes they are new 
values in the spectrum of genera of F„6-maximal curves; see Remark 13.41 Interestingly, 
it often happens that these curves are not Galois covered by the Hermitian curve; see 
Theorems 16.2116.3116.41 In some cases we are able to show they are not covered by the 
Hermitian curve at all; see Table [H 


2. A NEW MODEL OF THE GK-CURVE 


Let p be a prime, n a power of p, g = IK = Fq 2 the algebraic closure of Fg 2 . Let C 
be the so-called GK curve, which is F„ 2 -maximal and is dehned by the affine equations 




n+1 _ Y 


A" -A 


C ^ " V"+A 

yn+l = X^ + X 


Let p G F „2 with p -|- p"' = 1. Gonsider the F„ 2 -projectivity <p associated to the matrix A, 
where 

/l 0 0 I- p\ 

0 10 0 

0 0-1 0 

yi 0 0 -p J 

Then X = <p(C) has equations 


A = 


X : 


'7n^—n+l _ X’^ —X 


We will consider subgroups of the following tame Fq 2 -automorphism group G of A of 
size {n -|- l)^(n^ — n -|- 1): 


(1) G=\ ga,b,x : (A, K, Z, T) ^ (aX, bY, XZ, T) \ = 1, A 




= ab 
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By conjugation, an Fq 2 -autoniorphisni group = A ^GA of C is obtained: 

I = 6"+^ = 1, = ah^ , where 



^ap + p"' 0 0 ap — ap^ — 

0 & 0 0 

0 0 A 0 

ya — 1 0 0 a — ap + p 


According to the notation of [1], we compute the projection G^ of G^ over PGU(3,n) 
and the intersection of G^ with 


(2) A = {«A : {X,Y,Z,T) ^ {X,Y,\Z,T) \ = l} : 


Gi = A, G^ = {ga,b \ = 1} , where 

fap + p^ 0 ap — ap^ — 

ga,b = 0 & 0 

\a — 1 0 a — ap + p 

Note that G^ = A-^GA = A-^GA, where A (resp. G) is obtained by deleting the 
third row and column in A (resp. in the matrices of G). Note also that the set X(¥g 2 ) 
of Fg 2 -rational points of X has a short orbit O under the action of Aut(A’), consisting of 
the set of F„ 2 -rational points of the cone — 1 in the plane Z = 0 (see [H 

Section 3]). Hence, G^ acts naturally on G = 'H(F„ 2 ), where "H is the Hermitian curve 
with equation — 1. 



3. A FAMILY OF Galois subcovers of X 

In this section we provide equations and genera for a family of curves covered by the 
curve X depending on three parameters. Let di,d2,d3 be divisors of n + 1, and consider 
the rational functions 

n+1 n+1 n+l 

u = X , V = y , w = z <^3 

in the function field ]K(x, y, z) of X. Then for the subheld ]K(m, v, w) we have the relations 

/ dl(n-l) _ 1 \ 

(3) - 1) - ^- 1. 

\ — 1 / 

Let L be the following subgroup of the group G given in ([T]); 

L= {{ X , F, Z, T) ^ { X ^ b ^ X , bY , XZ , T) \ 6"+^ = A"+^ = l} . 

Glearly, L has order (n + 1)^, and the hxed held Fix{L) contains x"'~^^, and z'^~^^. 
Actually, Fix{L) coincides with K{x^^^, y'^^^ , , since , z^^^) coincides 

with ]K(a;"'’''^, z""^^) and the degree of the extension 

K{x,y,z)/K{x^+\z^^^) 
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is at most (n + 1)^. Then Fix{L) C ]K(M,n,ta) and we can consider the double extension 
of function fields 


Fix{L) C K{u, V, w) C K{x, y, z). 


As K{x,y, z)/Fix{L) is a Galois extension, K{x,y, z)/K{u,v,w) is Galois as well, that 
is, K{u, V, w) is the function field of the quotient curve of A/iJ of A with respect to some 
automorphism group H < L. 

In order to provide irreducible equations for X/H, consider the rational function a G 
K{u, v) defined as 


a = 




n+l 


After some computation, we get the principal divisor of a in ]K{u,v): 


d 2 d\ c/i(n—2) 

(4) div(a) = di^Qo,i + c^ 2 ^Qai + (i^ + l) j - 

3 = ^ 


2=1 


2=1 


2=1 


did2n{n — 1 ) 
{d2, 2di) 


(d2,2di) 


Qc 


2 = 1 


where Qo,i lies over the zero Pq of m, Qq,. lies over the zero Pc^ of — 1, lies over 
the zero P| 3 ^ of — 1)^ and Qoo,i lies over the pole Poo of u. Let 


D 


gcd 


^di, ^2) ri + 1, 


did2n{n — 1) ^ 

(d2,2di) / 




M = gcd (P, d 2 ,{n^ - n + 1)) = gcd (di, d 2 , d 3 (n^ - n + 1)) . 

If M = 1, then by equations ([3]), ]K(m, t>, t(;)/]K(M, t>) is a Kummer extension of degree 
dsin^ — n + 1), and the quotient curve has irreducible equations 


X/H : 


y^d3{’n?-n+l) _ fydi 
Yd2 =Udi _ I 


n+1 




More generally, for M > 1, both sides of the first equation in 
and we can factor the equation to obtain the irreducible curve 


(5) 


X/H : 


Tj/—^(*22^—72+1') rr—^T/'—^ f 1) — 1 

W 72+lj = U mV M I 

yd2 = udi _ I 


n+1 


are a power of M, 


Remark 3.1. We are in a position to compute the order of the group H, that is, the 
degree of the extension [K{x,y,z) : ]K(m, t>, tc)]. By the Fundamental Eguality (see [131 
Th. 3.1.11]^, the divisor of zeros of x in K{x,y,z) has degree deg(x)o = ^{x,y,z) : 
]K(x)] = + + 1, and 

[]K(x, y, z) : K{u)] = deg(a;^)o = - n + 1) ^ _ K{u)] = d 2 ] 
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hence, 

[]K(a:, |/,z) : ]K(m,t)] = ^ []K(m,t,w) : K(m,t)] 

di, 02 

Therefore 

\H\ = [K{x,y,z) : K(M,y,'«;)] = ■ 


dsin^ — n + 1) 
M 


The general equations ([5]) of X/H have been obtained by working on di,d 2 ,d^{n^ — 
n + 1)/M. If we start from di/M, ^ 2 , ds, or from di,d 2 /M,ds, then we get irreducible 
equations for other quotient curves: 


lYd3(n^-n+l) ^ 
i/'^2 = _ I 


C/M -1 


n 


1 






2-n+l) _ jjd, (^di(n-l) _ 


Tx^h d 

For any divisor e of — n + 1 let s = w ^ ; then ]K{u,v, s) is the function held of 

new subcovers of X. The degree of the covering can be easily computed also for these 
subcovers, arguing as in Remark 13.11 

To sum up, the following result is obtained. 


Theorem 3.2. Let di, d 2 , and d^ be divisors ofn + 1, and let e be a divisor of —n + \. 
For 

M = gcd (di, ^ 2 , d'i{n^ - n + 1)) , 

the following equations define F„6-maxima/ curves which are Galois subcovers of X: 


( 6 ) 


Cl : 


do d-\ do 

Sm<^ = JJmVm 

yd2 =lJdi _ I 


n+1 

\ W^l-l J 




(7) 


C 


2 • 


S"^3e ^ u'F 
Vd2 _ I 


UTT -1 


( 8 ) 


C. : 


Sdse ^ jjd, ^jjd,(n-l) _ 

T 




The degree of the covering is ——for Ci and C^, and ——for C 

^ J ^ edid2dz j i. o; edid2d^ 


2- 
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Note that, when = 1 or ~ech!hd 3 ^^'^ ^ theorem provides models 

for the GK-curve; in some cases they are plane models. 

Now we compute the genera of the curves described in Theorem 13.21 for e = — n + 1, 

i.e. s = w. This is done via Kummer theory. 

Theorem 3.3. Let e = — n + 1. Then the genera of the curves Ci, C^, and C 3 described 

in Theorem, \?).2\ a,re the following: 

(9) 


9(Ci) — 1 + 


1 


did2 


dsin^ — n + 1) 


M 


(n - 1) - d 2 { 


di d‘i{n^ — n + 1 ) 


M’ 


) -di{ 


d2 d^{n^-n + l) 


dsin'^ — n + 1) n + 1, 


M 


M 


) - {di,d2) 


M ' “"'M’ M 

d^{n^ — n+l) 2did2\ 


)+ 


M 


’ M y J 


-did2{n - 2 )( 

and, for i = 2,3, 

(10) fi'(Ci) ~ ^ + 2 “ f) “ ^(^5 “ hkin — 2)(r, n + 1) — {(h, k)r, 2 hk)] 

where 


r = d^ijnf — n+1), h = 


di/M forC 2 
di for C 3 


k = 


d2 forC2 
d 2 /M forCs 


Proof. We start with Ci, and use the notation of equation (|1]) for the zeros and poles of 


<^1 ^2 / U 

a = 


rt + 1 

dl(n—1) _ \ M 


G K{u, v). 


— 1 

By [T^ Prop. 3.7.3] we compute the ramification indices in the Kummer extension 
K{u,v)/K{u) of degree d 2 . 

^{Qcti I Paf) c(Qo,i I -Bq) 1 , ^{QPi,] I PjSi) 1) c(Qoo,i | Poo) 373 TT’ 

gcd(di,d 2 ) 

The Riemann-Hurwitz formula applied to the extension ]K(n, n)/]K(n) yields 
g{fK.{u,v)) = 1 + ^(did 2 - di - ^2 - gcd(di, ^ 2 )). 

Let Pq be the zero and Poo the pole of v in ]K(n). Then, in the extension K.{u, n)/]K(n), 
the places lying over Pq are Qai, ■ ■ ■, Qaa ^) with ramihcation index 1 ; the places over Poo 
are Qoo,i, • • •, Qoo,{di,d 2 )^ with ramification index di/ gcd(di, ^ 2 ). 

We compute the ramihcation indices in the Kummer extension ]K(m, n, s)/]K(m, n) of 
degree — n + 1). We have 


u' 


= e{Qa, I PaJ • Vp^. 

hence 

^{RaiJ I Qai) — 


n+1 ' 

dl(n—1) \ M 


U 


di 


+ e{Qai \ Po) ■ VpJv M \ = 


^2 

M’ 


f (n^ -n + 1) 


gcd(f (n2-n + l),f)’ 





















MAXIMAL CURVES FROM SUBCOVERS OF THE GK-CURVE 


7 


where Rai,j is a place of ]K(m, s) lying over Qc^. The theory of Kummer extensions also 
gives the ramihcation indices 

f -n + 1 ) 
gcd(§(n 2 -n + 

of the places of K.{u,v,s) lying over Q, for all places Q of K.{u,v). Then the different 
divisor of K{u, v, s)/K(u, v) has degree 

deg(Diff) = di(^m- + d 2 (m - (m, + 

+<i. (n - 2 )<i, (m - (m, ) + (rf., d,) ) = 

= * (” - (“• s)) + (™ “ (”’ v)) + 

+d,(n-2)d,(n.- (rn,^'j'j+ (d, (m, ) , 

where m = d^{'n? — n + 1)/Tf. Finally, the Rieniann-Hurwitz formula applied to the 
extension K{u,v, s)/K{u,v) provides the genus of Ci. 

The curves C 2 and C 3 are both dehned by equations of the form 

^ f - 1 ) 

'[V^ = U^-l 

The genus of K{u, v) is obtained as above: 

g(K{u, u)) = 1 + 2 — a — b — gcd(a, b)). 

Similar computations yield the degree of the different divisor of the Kummer extension 
K{u, V, s)/K{u, v): 

deg(Diff) = a {r — gcd (r, b)) + b{r — gcd (r, a)) + 


+a{n — 2)b (r — gcd (r, u + 1)) + gcd(a, b) [ r — gcd ( r, 


2ab 


gcd(a,6) 

and the Riemann-Hurwitz formula applied to the extension ]K(u,u, s)/]K(m,u) provides 
the genus of Ci, i = 2,3. 

□ 


Remark 3.4. The previous results provide new equations of ¥^ 2 -maximal curves for many 
genera. To exemplify this, consider the case n = 5. Then Theorem 13.21 provides new 
equations for the following genera: 

37, 74,109,121,148, 220, 242, 361,442,484, 724,1450, 

160, 233,469,478,496, 737,1477,1486 
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Up to our knowledge, the integers in the seeond row are new values in the speetrum of 
genera of ¥^6-maximal curves. 


4. The Galois groups 


In this section we always assume 

gcd [di, d 2 , - n + 1)) = 1. 

In some cases we are able to give an explicit description of the automorphism groups H of 
order such that Fix{H) = 'K{u,v,w). We also provide an alternative computation 

of the genus oi X/H, by means of the Riemann-Hurwitz genus formula and [11 Prop. 3.2]. 

We state Proposition 3.2 from [1] in a slightly different form; in the original paper the 
authors consider the model C of the GK curve lying on the cone over the Hermitian curve 
/C with equation T" + T = it is not difficult to see that the same computations hold 

for the curve X lying on the cone over the Hermitian curve l-L : — 1. This 

relies on the fact that C and X are projectively equivalent, with a projectivity defined 
over Fjj 2 which maps the Hermitian cone over K, to the Hermitian cone over "H. 

Proposition 4.1. jH Prop. 3.2] Let L be a tame subgroup of Aut{X), L the projection 
of L to PGU{n,3) and L\ = L n A, where A is defined in eguation ([2]). Assume that 
no non-trivial element in L fixes a point in'H\ 'H(¥„ 2 ), where f-L is the Hermitian curve 
yr^+i = X'^+i - 1. Then: 

{^rv^ + l){^rA-\LK\-l)-\L!,\{n‘^-n-2) 

9I=9i +--. 

where gi is the genus of the guotient curve Ti/L. 


Case 4.2. Suppose that di \ Sd^ with gcd((ii,(i 2 ) = 1- Then K{u,v,w) is the quotient 
curve of X with respect to the group 

r o Ti+l n+l A 

H = Ux, Y, Z, T) ^ bY, XZ, T) \ bXH = = 1} . 

In fact, by Remark 13.11 the size of H coincides with the degree of the extension 

]K(x, y, z)/M.{u, V, w). 


Also, u, V, and w are all hxed by H since 

^(n+l)/d3 _ ^(n+l)/d2 _ ^^(n+l)/d2dl 


and 

(y 3 ^n)(n+l)/di _ ^^(n+l)/d3^-((n+l)/di) _ ^^-((n+l)/did2)^rf2 _ 

The projection H oi H on PGU(3,n) is 


n+l 


n + l 


H = \ [A+”, b, 1] I bHH = A^ = 1 
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with \H\ = 


{n + 1)" 


ciida^gcd (3,^) 


where 1] denotes the automorphism {X,Y,T) i-A- {X^b^X,bY,T). No non-trivial 

element in H hxes a point (F„ 2 ), and 


I A 


72+1 


n + l 


= A = 1 


has size gcd Then by Proposition 14.11 the genus of X/H is 


9H = 9h + 


did 2 d 3 [{n^ + l)(n2 - gcd(3, (n + l)/d 3 ) - 1) - gcd(3, (n + l)/d 3 ){iY - n - 2)] 


2(n + 1)2 

where is the genus of l-i/H. The only points of "H that can be fixed by a non-trivial 
element in H are the points on the fundamental frame. It is easily seen that 

(i) [A^fo", b, 1] hxes Pi = {0,ai,l), i = 1,... ,n + 1, if and only if 6 = 1; 

(ii) [A^fe", b, 1] hxes Qj = (+, 0,1), j = 1,..., n -|- 1, if and only if A^ = b] 

(iii) b, 1] hxes Rk = (+, 1, 0), A; = 1,..., n -|- 1, if and only if A^ = b^. 

Let Hp denote the stabilizer of P in H. We distinguish two cases. 

(A) 3 does not divide (n-l-l)/^. Then A i—)■ A^ is an automorphism of the multiplicative 
group of the ((n -|- l)/(i 3 )-th roots of unity. 

(i) We have 

n + 1 


n + 1 


Hp, = |A^ 1,1| I ATT = 1 


hence \Hp^ = 




(ii) We have 

- r r HI ^+1 Q ^+1 

Hq. = < [1, b, 1] I 5 for some A with A = 1 f, 

'n + 1 n -|- 1' 


hence 


\Hq^\= gcd 


did2 


(iii) We distinguish two subcases. 
— is even. Then 

did2 


Hp,. = \ [&, b, 1] I (6^) <*3 = 1, (b‘^)2drd2 = 1 


^Rk 

hence 


= 2 gcd 


n+1 n+1 
ds 2did2 


= gcd 


and b ^ —b, 
2(?7,-|-1) n + 1' 


d^ 


did2 


— is odd. Then b b"^ is an automorphism of the multiplicative group of 
the ((n -|- l)/(iid 2 )-fh roots of unity, and 


n+1 


n+1 


Hr^ = \ [6, fe, 1] I A = 1, A^ = b 
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hence, 


Hr. I = gcd 


n + 1 n + l\ ,/2(n + l) n + 1 
= gcd ' 


da 


d\d2 


d^ did2 

Therefore, if 3 f (n+l)/d 3 then the Hurwitz formula applied to the covering T-L ^ T-L/H 
provides the genus oiT-L/H'. 

1 


9h — f+' 


dn+ir 

‘d\d2dz 


— n — 2 — {n + 1) 


n + 1 ,,n + l n + 1 + l 2(n + 1) 

+ gcd(-^, ——) + gcd(-^, - 3 


da 


did2 ’ ds 


did2 ds 


that is, 

9h = ^ + 

hence 

= 1 + 

( 11 ) 


did2d3 


2(n + l) 1 

did2d3 
2(n + l) 


n + 1 j^n + l n + 1 + l 2(n + l) 

- 2-^-gcd(——, ——) - gcd(^^,-^-) + 3 


n + 1 — 


ds 
n + 1 


did2 ’ ds 


did2 ’ ds 


n + 1 n + 1 ,/^ + l 2(n + l) . 

- gcd(-^, ——) - gcd(-^, -1) + 


+ 


ds ° ^ did2 ’ ds 

did 2 ds (n^ — 2n^ + n) 


did2 ’ d3 


n+1 


n + 1 


(B) 3 divides (n + l)/d 3 . Let A' = A^, then 

H =\ [AV, b, 1] I (A')^ = = 1 

The same arguments yield 

lldid2ds 


gn = 1 + 


2(n + l) 


n + 1 1/11 + 1 n + 1 i/H + l 2(n + l) . 

n + l- — -gcd(-^, ^—) - gcd(-^, ' ) + 


+ 


3ds ” did2 ’ 3d^ 

did 2 ds (n^ — 2n^ — n + 2) 


(ii(i2 ' 3ds 


Case 4.3. Suppose di | d 2 , and (di, ds{'n? — n + 1)) = 1. Then K{u, v, w) is the quotient 
curve of + with respect to the group 

r n 7i-\-l n + 1 ^ 

H = I {X, Y, Z, T) ^ {X^^X, bY, XZ, T) \ b~ = X^ = 11 . 

This follows from 

^(n+l)/d3 _ /^(n+l)/did3\di _ ^(n+l)/d2 _ 


and 


(A3^«)++1)M = (^\f^)3<i3jj-{(n+l)/di) _ ({n+1) / d 2 ) ^2 / + _ 

Similar computations provide the genus of X{H: 


9H = 1 + 


did2dsni 
2(n + l) 


n + 1 — 


n + 1 
didsm 


- gcd( 


n+1 n+1 


d2 didsm 


n + 1 2(n + l) 
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where m 


+ 


did2d3 [n^ 


gcd(3, {n + l)/(ciici 3 )). 


2n^ + (2 — m)n + m — l] 
2 


5. Another family of Galois subcovers of X 

In this section we consider another snbgronp of the gronp G given in ([T]). Let c | (n+1), 
d I (n^—n+1), and consider the following automorphism group A of A of size (n^+1)/ {cd): 

A = I (A, Y, Z, T) ^ (r 1 A, hY, AZ, T) | 6"^ = 1, = 1} . 


Consider the following rational functions 


n+1 

u = X , 


V = xy, w = z 


n —n+1 
d 


in the function held ]K(x, y, z) of A; then the following relations hold: 

(12) = n (1 + A + + ...+ 


In the double field extension C Fix{K) C K{x^y^z) we have 

Ti^ -1- X 

[K{x,y,z) : K{u,v,w)] < -— = []K(a:,i/, 2 ;) : Fix{K)], 

cd 

which implies Fix{K) = ]K{u,v,w). 

Equations flT^ dehne an irreducible curve. To show this, let P = (0, a) be an affine 
point of the Hermitian plane curve A : Y'^^^ = A"+^ — 1, and let P be a place of the 
curve W : centered at the image </?(P) of P under the rational map 

7T.^h 1 

p{X,Y,T) = {X—,XY,T). 

The rational function 13 = xy{l + ... + G ]K(a;, y) has valuation 

vp{(3) = 1 at P, hence the pull-back a = n(l -|- . -f G ]K(M,n) of (3 has 

valuation Vp{a) = 1 at P, since vp{{3) = e(P | P) -vp^a). Hence the quotient curve A/A 
has irreducible equations 


(13) 


XjK : 


= V {l + U^ + ... + p("-2)'=) 

yn+l ^ JJ2C _ JJC 


By the Hurwitz formula applied to the tame covering A —)■ A/A, it is easy to check that 
the genus of A/A is 


(14) 


9{X/K) 


c 

2 


(d — 1)?7,^ -|- n — d — gcd 



Y )1 


+ 1 . 
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6. New examples oe maximal curves not (Galois) covered by the 

Hermitian curve 


Let a curve ^ be a subcover of the Hermitian curve "H by the Fg 2 -rational map 


Then for the degree deg(<p) we have the following bounds: 




< deg(<^) < 


M'H) - 2 

2g{y)-2- 


In particular, the lower bound L-uy = 'H(F„ 2 )/(y(Fo 2 ) and the upper bound U-uy = 
{2g{'H) - 2)/{2g{y) - 2) satisfy \LHy^ < [Unyl • 

Therefore, a curve y having > \Uu,y\ cannot be a subcover of the Hermitian 

curve. By applying this argument to the curves given in Theorems 13.21 and 13.31 we get 
many new examples of curves which are not covered by the Hermitian curve. 

To exemplify this, we list in the table below some genera of curves not covered by the 
Hermitian curve. We remark that for such curves we have both the genus and explicit 
equations. 


Table 1. New maximal curves not covered by the Hermitian curve 


9 

n 

(di, ^2, ds) 

Reference 

233416 

17 

(1.18.6) , (2,9,6), (2,18,3), (2,18,6), (3,18,6), 
(6,9,6), (6,18,3), (6,18,6), (9,2,6), (9,6,6), 

(9,18,2), (9,18,6), (18,1,6), (18,2,3), (18,2,6), 

(18.3.6) , (18,6,3), (18,6,6), (18,9,2), (18,9,6) 

Thm. 10(191). (flOD 

233398 

17 

(9,18,2) 

Thm. IMI dlOj) 

1064701 

23 

(1.24.8) , (8,3,8), (24,8,1), (24,1,8), (2,24,8), 

(3.8.8) , (3,24,8), (4,24,8), (6,8,8), (6,24,8), 

(8.3.8) , (8,6,8), (8,12,8), (8,24,1), (8,24,2) 

Thm. O(p.(fT0]) 

1064689 

23 

(2.24.8) , (4,24,8), (6,8,8), 

(6.24.8) , (8,6,8), (8,12,8) 

Thm. IMI dlOj) 

3206257 

23 

(2,24,24), (4,24,24), (6,24,24), (8,6,24), (8,12,24) 

Thm. IMI llOj) 

3402406 

29 

(30,10,1), (10,30,1), (10,15,2), 

(30,2,5), (10,6,5), (10,3,10) 

Thm 13.31(1911 

5570731 

32 

(33,11,1), (11,33,1), (11,3,11) 

Thm 13.31 (191) 


Remark 6.1. Let H he the Hermitian curve over ¥g 2 , and y an ¥^ 2 -maximal curve of 
genus g which is ¥^ 2 -covered by H. If g > f{g), where 

,, . Jq^ + 2q^ + + 2q + l - - I 

= -XI-’ 
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then the degree of the eovering 1-i ^ y is uniguely determined as the unigue integer d 
such that 

Ln,y <d< Uu,y- 

Proof. By direct computation, g > f{q) is equivalent to U-uy — < 1, which implies 

\L'H,y^ = \ Uyy\. □ 

Theorem 6.2. Let n > 7 be a power of a prime p, and k a divisor of n + 1 with 
k < y/n + 1 + 1. Define di = {n + l)/k, d 2 = 1, and d^ = n + 1. Then the curve C\ given 
in Theorem \3.2\ is not Galois covered by the Hermitian curve PL oiier F„6. 


Proof. Let PL be given in the form 

n : + X, 


and denote by P^o the point at infinity of PL. Suppose Ci is Galois covered by 7-L; then Ci 
is isomorphic to the quotient curve PL/N for some subgroup N of Aut(?f). 

The genus of Ci can be computed by equation fITT]) . whence Lyci > kn — 1 if and only 
if 


n® — k(k — 2)n'^ — 2n® + n^ — (k — 1)[2A: + 1 — (k, 2)]n‘^ + [2k — 1 — (fc, 2)]n^ — + 2k > f), 


while Uy^Ci < kn pi if and only if 

— 2kn'^ P 2{k — l)n^ — \k{k, 2) — k — l]n^ — [{k, 2){k P 1) P k — l]n + 2A: — (A:, 2) — 1 > 0. 


For n >7, both conditions are implied by the hypothesis k < y/n P 1 + 1. Then |A^| = kn. 

Let S' be a Sylow p-subgroup of N. S has a fixed F^e-rational point P E PL, since S acts 
on PLifPrfi) and |'H(F„6)| = l(modp); as all Sylow p-subgroups of Aut('H) are conjugate, 
then we assume w.l.o.g. that S hxes Poo- Moreover, the action of S on ^(F^e) \ {Poo} is 
semiregular, i.e. each element of S has no hxed point but Poo; hence the orbit O of Poo 
under N satishes \0\ = l(modn). 

Suppose Poo is not hxed by N , then \0\ > npl. Hence, by the orbit-stabilizer theorem, 
n divides the cardinality of the stabilizer Nq of Q in N , for all Q E O] then a Sylow p- 
subgroup Mq of Nq has size n. Mq and My have trivial intersection for Q 7 ^ P in (T, by 
the semiregularity of S. Therefore N has at least 1 -|- (n -|- l)(n — 1) = n^ elements, and 
k > n, against the hypothesis. 

Therefore the whole N hxes Poo- If fc = 1, then Ci = A, the GK curve, and the thesis 
holds; otherwise, the genus of ?{/N can be computed by [5|, Th. 4.4]: 


-(k- 


p5n _ p3u V _ _ -[Pjp3u ^ 


where n = p^ and v, w are non-negative integers satisfying u = v P w. 
On the other hand, the genus of Ci given in equation flTTl) is 


9iCi) 


n^ — 2n^ P n"^ P 2k — 1 — h 
2fc 


where h 


n P2 if /c is even 
1 if fc is odd 
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Hence g{l-L/N) = g{Ci) reads 

2^^^ I ^_ p^^ ^I 

k = - 5 -;-. 

p6u—w _|_ 2 

We have the following possibilities for v and w. either n = 0 and w = u, or v < u/2 
and w > u/2, or V > u/2 and w < u/2. By considering separately each case, it is easily 
shown after some computation that 




+ h) , 


against the fact that k is integer. 


□ 


Theorem 6.3. Let n > 3 be a prime power, k a divisor ofn+1 such that 3 f {n + l)/k and 
k < ^Jn + 1 + 1; if 3 \ {n + 1), assume also n > 23. Define di = {n + l)/k, ^2 = n + 1, and 
ds = 1. Then the curve Ci given in Theorem 13.21 is not Galois covered by the Hermitian 
curve TL over F„6. 


Proof. By the choise of di, ^ 2 , and da, the genus of the curve Ci can be computed as in 
Case 14.31 

By separating the cases 3 | (n+1) and 3 f (n + 1) and arguing as in the proof of 
Theorem 16.21 it is proved that a possible Galois covering has degree kn. 

Suppose such a covering exists and Ci = ?{/N with N < Aut('H), then the same 
argument as in Theorem 16. 2 1 allows to apply O Th. 4.4] and yields the following expression 
for k: 

, (1 + gcd(3, k))p^'^ + _ piu-v _ p2u _ gcd(3, k)p^ 

k = -^-, 

piu — w pU 2 

where n = p^ with p prime, and v, w are non-negative integers satisfying u = v + w. But 
a case analysis shows that this fraction cannot be an integer. □ 

Theorem 6.4. Let n be a prime power, 7 a divisor of n + 1, 6 a divisor of — n + 1, 
and define c = (n + l)/ 7 , d = (n^ — n + l)/5. Suppose that one of the following holds: 

• n = 5, 7 = 2 , and S = 1; 

• n > 7, 7 < 2, and 6 < {y/2'jn + 1 — l)/2; 

• n > 7, 7 > 2, and 'yd('yd — d — 1) < n. 

Then the curve X/K with equations (1T3|) is not Galois covered by the Hermitian curve Pi 

over F „6 . 

Proof. By arguing as in the proof of Theorem 16.21 it is proved that a possible Galois 
covering has degree ydn. 

Suppose such a covering exists and X/K = PL/N with N < Aut('H), then the same 
argument as in Theorem 16.21 allows to apply [51 Th. 4.4] and yields the following identity: 

(15) 5 [p^^ - 7 ^ 3 “-^^ + (gcd(2, 7 ) - 1) - 7 + gcd(2, 7 )] = -p^^ + 

where n = p^ with p prime, and v, w are non-negative integers with u = v + w. By case 
analysis, it can be shown that ffT5|) contradicts the hypothesis on the integers 7 and d. □ 
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